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We study multiple light scattering from thermal fluctuations in the ordered phase of nematic
liquid crystals. This state of condensed matter is characterized by long-range fluctuations of the
local director, which are known to originate from bend, splay and twist deformations. This
gives rise to a complicated polarization dependence of the “single-scattering™ phase function, of
which the consequences in multiple scattering will be discussed. In order to understand
multiple scattering by long-range fluctuations in the dielectric constant, we first solve the
Dyson and Bethe-Salpeter Equation for a scalar field amplitude in a self-consistent way. The
diffusion constant is obtained numerically from the Kubo Greenwood formula. We compare
the outcome with an approach based on point-like fluctuations. In the second part we take the
tensorial aspects into account and solve the vector Bethe-Salpeter equation for light scattering
caused by the De Gennes 1/q® Structure factor for the director fluctuations. Using a Kubo-
Greenwood formula for vector waves, we calculate diffusion tensor and transport mean free
path /* of the light. Due to uniaxial birefringence the transport mean free path is no longer
given by the conventional Boltzmann formula 7* =/, /(1 — {cos8>). The consequences for
the angular incoherent transmission (of the universal form (/*/L) (1/2 + 3cos8/4) will be
investigated. Finally, we discuss the time-dependence of the thermal fluctuations in the context
of the recent development of Diffusing Wave Spectroscopy initiated by Wolf and Maret.

Keywords: Light scattering; liquid crystals; diffusion

PACS Number(s): 42.25.Bs, 42.25.Lc, 61.30.Gd

I. INTRODUCTION

In nematic liquid crystals it is known that fluctuations in the dielectric con-
stant (and hence the scattering of light) are completely caused by oriental
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fluctuations of the local director [1]. The dielectric correlation function is
given by,

e2kT/4nK,
—r'— X

L) = <g;(0) g (r)) = p(—r/d) H:;kz- (1)

The amplitude of the thermal fluctuations depends on the elastic constant K,
and the uniaxial dielectric anisotropy ¢, The latter is typically very small:
e2kT/87K, =~ 107% um. In a typical magnetic field of one Tesla the correla-
tion length £ is finite and of the order of 5 pm. This is 5 to 50 times longer
than in typical Mie scattering experiments. We see that the fluctuations are
both weak but with long-range nature. The tensor I, addresses the ten-
sorial aspects and will be fully acknowledged in the second part of this paper.
It gives rise to unconventional selection rules for polarization transitions,
which constitutes the second reason why nematic liquid crystal are so fasci-
nating to study with light. In the first part of this paper we will replace the
tensor I1,;, by 1 and investigate the role of long range correlation.

After pioneering work by De Gennes [2], single light-scattering ex-
periments have successfully been interpreted using such a long-range corre-
lation function, both elastic [3] and quasi-elastic ones [4]. However, very
few multiple scattering studies have been carried out sofar for oriented
nematic states of disordered matter [5] [6] [7], experimentally because the
mean free path is large (typically millimeters) and one needs at least a
centimeter sample to enter the multiple scattering domain. This is difficult
because large samples tend to fall apart into “multi-domains”, which each
have a different direction of the average director. Such media are very
interesting, but one may expect to loose the global anisotropy in light
scattering. One has recently overcome these technical difficulties and light
diffusion studies in oriented nematic liquid crystals have been started [6]
[8]. The theory in this paper does not apply to multi-domain phases, and
concentrates on the oriented phase.

On the theoretical side one may remark that the correlation length ¢ is
usually much smaller than the scattering mean free path, and henceforth
treat multiple scattering caused by the long-range correlation function (1)
with an ordinary equation of radiative transfer. Especially in Russian litera-
ture, multiple-scattering modifications of the famous De Gennes cross-sec-
tion have been obtained in this way [9]. Sofar, most analyses of multiple
scattering phenomena have been successfully performed using short-range
and “white-noise” models. The long-range nature of the fluctuations in
liquid crystals may offer new insight in multiple scattering of light. In this
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paper we shall continue the theoretical study of multiple scattering from the
correlation function given in Eq. (1) by concentrating on the extreme limit
of multiple scattering: diffusion. Some results of the vector theory have
already appeared in Ref. [10] and independently by Stark and Lubensky
[11], and seem to agree with the recent first experiments [8].

From the problem of quantum-mechanical electron-impurity scattering it
is known, both theoretically and experimentally, that the solution of the
Bethe-Salpeter for the average two-particle Green’s function is, on scales
much longer than the mean free path, equivalent to a diffusion equation.
The (energy dependent) diffusion constant is given by the Einstein relation,
which establishes the fundamental relation between diffusion and conduc-
tivity. The conductivity is expressed as a Kubo-Greenwood formula, which
also emerges from linear-response treatments. For a good summary we refer
to the book by Mahan [12]. For classical waves several subtle modifica-
tions are known [13] [14] which become of extreme importance if resonant
scattering is present. Because scattering is weak, they are not relevant here.

The scalar theory in this paper will enable us to put constraints on the
validity of perturbational vector calculations, for which more advanced
methods need considerable more computer time. As it turns out, several
specific elements in the vector model can be understood qualitatively in the
much simpler scalar picture, such as the impact of long range fluctuations.
The vector theory in this paper can be compared to Monte-Carlo simula-
tions [15] and hopefully to future experiments. The validity of the diffusion
approximation in anisotropic media remains to be verified experimentally.

Il. SCALAR TRANSPORT THEORY

In this section we ignore the polarization aspects, described by in Eq. (1). In
that case light scattering in nematic liquid crystal reduces to a scalar theory
of long-range fluctuations. We emphasize that this approximation is prob-
ably very bad, but a good understanding of the scalar theory enables us to
judge in — and output of the far more sophisticated vector theory.

The structure factor is given by,

8nA

T

@

We found it convenient to introduce the length A = ¢2kT/8n K. Despite the
smallness of the length A this structure factor can nevertheless be large at
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forward scattering. In the scalar version of our theory we shall also adopt
an isotropic free energy, and put the Franck elastic constants for bend,
splay and twist all equal to each other. '

In the rest of this section we shall assume that the dielectric constant of
the host medium is unity. In typical liquid crystals, the range of the fluctu-
ations ¢ is much longer than in conventional Mie scattering. Perhaps future
materials will exist that have even longer correlation lengths. For this rea-
son we shall investigate when the fluctuations can be said to be “small” and
“local” and subsequently described by the equation of radiative transfer,
with all known consequences.

A. Average Amplitude

In this section we solve the Dyson equation for the average Green’s func-
tion G(w, p) at frequency w and wave number p, which reads in momentum
space (c = 1)

1
-p’—Z(o,p)

G(w, P) = w? (3)

Since the length A in Eq. (1) is very small compared to the wavelength, we
could suppose that the first Born approximation for the self energy Z(w, p)
will be sufficient [7] [16],

Zy(@,p) = 0* LT — P) Go(, ) 4

Here Gy(w, p) = 1/[w? — p* + i0] is the vacuum (retarded) Green’s function,
z, stands for {d*p/(2n)* and T(p) is the Fourier transform of I'(r). This
expression (as well as some exact higher orders) for the self energy also
shows up in the perturbational treatment of the Frohlich polaron [17]
where the long-range correlation function I'(q) oc 1/q? is taken over by elec-
tron-phonon coupling. The momentum integral in Eq. (4) can best be done
by transforming it first to real space. The result is,

4

T, p)= %\ l:arctan [(w = p)¢] — arctan [(w + p)¢]

i, o-p’+ 1]

T2 e T ©
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Real and imaginary part of this self energy have been shown dashed in
Figures 1 and 2. The strong momentum dependence reminds us of the long
range nature of the fluctuations. For £ —» co we infer that the real part has a
first-order discontinuity at the shell p = 0. At the same time the imaginary
part diverges logarithmically. This catastrophe implies that the first Born
approximation must break down near this point, at least if ¢ is large
enough. The singularity has a simple geometrical interpretation. At the
point p = w it originates from the overlap between frequency surface and
the singular region of the correlation function. This geometrical argument
also applies when the dispersion surface is no longer spherical. In lower
dimensions the catastrophe would be even stronger than logarithmic.
Before we deal with an improvement, let us first investigate the excita-
tions of the waves within the first Born approximation. Writing the self

Re Z(p)/w3A Im Z(p)/wSA
2 L T 0 T T

-4 .
_4|- i .
] I -6 { | R
o] 1 2 3 0 1 3
momentum p/w momentum p/w
Alw,p) local scattering mean free poth
T T 1.5 T T
6l .
1.0+ —
i |
2L .
0 l | 1 0.0 | 1 1
090 095 1.00 1.05 1.10 0 50 100 150
momentum p/w distance wr

FIGURE 1 Real part of the scalar self energy (top left), imaginary part of the scalar self
energy (top right), spectral function (bottom left) and the “local scattering mean free path”
(bottom right), defined as #(r) = — 2log(4nr{G(r)|)). The dashed line in the first three plots
represents the first-order Born approximation, the solid line is the self-consistent solution after
5 iterations of Eq. (10). The dashed horizontal line w¢ =23 (i.e. £ « &) in the bottom left figure
is a RMS fit to a pure exponential Green’s function, but note that the Green’s function does
not decay strictly exponentially. We chose wA = 0.01 and w¢ = 1000. The length scales A and ¢
are introduced in the text. Note that the present values for both are considerably larger than is
typically the case in nematic liquid crystals.
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Re I(p)/w’A m £(p)/w’A

2 T T 0 T T
0 . -2 -
-2 _j/fj e 1
-4 4 -6} -

| 1 ! 1
0 1 2 3 0 1 2 3

momentum p/w momentum p/w
Aw,p) locol scattering meon free poth
L e O AL
t

1.0} -

0 0.0
0.990 0.995 1.000 1.005 1.010 0 200 400 600 800 1000
momentum p/w distonce wr

FIGURE2 As in Figure 1 but now using wA =0.001 and wé =100 (locating the vertical
dashed line). We deduce a scattering mean w/ =200 i.e. £ = 2¢, in good agreement with Eq. (8).
Since wA « 1/wé, the first-order Born approximation works very well for this case. Typical
liquid crystals have slightly smaller values for wA and its validity was seen to be even better.

energy as an analytic function of p by means of the complex logarithm, the
poles of the Dyson Green’s function are given by,

iA;D : [Log(¢ ™' —iw—ip)— Log(¢ ™! —iw +ip)]=0.  (6)

w:—p?+

If wA « 1/wé its complex solution K(w) is,

iw*A

Kwy~w+ 3

Log(l —2iw¢). (7

Defining the average index of refraction m and the scattering mean free path
¢ as K =mow +i/2¢ leaves us with,

A 2
mw)=1+ %—arctan 20¢; ((w)= oA Log(l + 408 (A< 1/w&). (8)




Downloaded by [University of California, San Diego] at 22:15 20 August 2012

LIGHT DIFFUSION IN NEMATICS 211

In a nematic liquid crystal exposed to a magnetic field B it is known that
Eoc B™!1[1]. As a result both the index of refraction and the scattering mean
free path depend weakly on the magnetic field according to moc T arctan
B¢ oc T™'w?/log B. Inserting typical values (wA=10"* and wé = 100)
gives us m~ 1+ 10~ % and ¢/ ~ 0.1 mm at optical frequencies.

The Fourier transform of the Dyson Green’s function into real space can
be done using contour integration in the upper sheet, thereby avoiding the
branch point w + i/¢. Obviously the complex pole (7) gives rise to a pure
exponential, G(r) = —exp(imwr — r/{)/4nr. The integral around the branch
point contributes at least a decay of exp(— r/£), but is not purely exponen-
tial. Its contribution can be neglected if £ > ¢ being consistent with our
previous assumption that wA «1/wf. We conclude that as long as
wA « 1/wé, or the scattering mean free path much longer than the correla-
tion length, a first-order perturbational treatment of the complex dispersion
law describes the average amplitude accurately.

The case wA » 1/wé corresponds to extreme long-range correlation. To
be in this regime the correlation length must have the extremely large value
of ¢ ~ 1 mm, being sofar rather unrealistic from the experimental point of
view. The scattering mean free path calculated with the perturbational for-
mula (8) is shorter than the correlation length. The problem becomes more
clear by inspection of the spectral function,

2
A@,p) = —=Im G(@,p). ©)

In Figure 1 we demonstrate that when wA » 1/w¢ the spectral function (in
the first Born approximation, shown as a dashed line) looses weight near
the conventional propagation region w = p. In fact the familiar Lorentzian
shape of the spectral function, which can be taken as the characterization of
the excitations, is suppressed exactly at its original maximum, and seems to
split up into a double peak. This double peak is not predicted by the
complex dispersion law (6). To verify the stability of this suppression in
higher order perturbation theory, we have solved the self energy numeri-
cally in the self-consistent Born approximation,

I'(p'—p)
plz - Esa(w, pl)

Yselo, p) = 0* Z o2 — (10)
’

This equation has been successfully applied to model the density of states in
liquid metals [18]. We emphasize that this method is approximative, and
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cases exist where the first-order iteration turns out better than a self-consist-
ent generalization. One attractive theoretical advantage of the self-consist-
ent Born approximation is that it allows, despite its complexity, to have
cantrol over energy conservation. Such explicit conservation is necessary to
address long-range diffusion, to be discussed in section IL.B.

We have solved Eq. (10) iteratively, starting with the first Born approxi-
mation, until good convergence was reached. Five iterations turned out to
be sufficient. Using the final solution of Zg(w, p) we calculated the spectral
function and the Green’s function in real space. In Figure 1 we show the
result for oA =0.01 and wé = 1000. We observe that the discontinuity in
the real part of the self energy, as well as the logarithmic singularity of the
imaginary part both have disappeared. Also the double peak in the spectral
function is eliminated in higher order perturbation theory. We notice that
the asymptotic decay of the Dyson Green’s function is not purely exponen-
tial, as has been shown earlier in the limit wA « 1/wé. This is reflected in the
“radial dependence” of the scattering mean free path, defined by means the
logarithm of the Green’s function. The dashed line nevertheless gives an
RMS estimate of the mean free path, assuming pure exponential decay. The
deduced value of w¢ =23 is larger than expected on the basis of the simple
perturbation formula (8). In Figure2 we show a five-fold iteration of -
Eq. (10) for wA =0.001 and w¢=100. In this case the first Born approxi-
mation has already been shown to be accurate. Indeed the iteration hardly
deviates from the first Born approximation. However, some small oscilla-
tions in the real part of the self energy at p > w seem to emerge. They were
seen to be stable against further iteration. We don’t know if these oscilla-
tions are just an artifact of our self-consistent approximation.

B. Diffusion Constant

Due to conservation laws, diffusive behavior may be expected in the ex-
treme multiple-scattering domain, that is on scales much bigger than the
mean free path. In this section we calculate the diffusion constant D(w) for
waves in the presence of long-range fluctuations. In isotropic media the
diffusion constant can be separated into a dynamic part (the transport
velocity v;) and a stationary part (the transport meanfree path £*),

D(w)=%v,,-{"‘. (11

Contrary to the scattering mean free path (which is defined physically only
if the Green’s function decays exponentially), the transport mean free path
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does not loose its meaning for extreme long-range correlation. It can been
shown that vy~ c/m(w)~ 1 so that the transport mean free path can be
found from D(w)=¢*/3.

To find D we must solve the Bethe-Salpeter equation for the average two-
particle Green’s function [16] which reads,

{G@",p*)Gw™,p7)) = Glw”,p")Glw™,p").
-[1+2U,,f(w,n,q)<c(w+,p'+)G(w',p"»]. (12)
-

Here p* =p +q/2 and w* = w £Q/2 £ i0; The matrix element U (®,Q,q)
denotes the irreducible vertex. An important fact is that energy conserva-
tion gives rise to a rigorous “Ward Identity” between the self-energy and
the irreducible vertex,

Y@.p")-Y @.p7) =Y [G,p*)— G*wp )] Uplw.@)  (13)
"

If we take for the vertex in our problem “single scattering” from “one long-
range fluctuation” (that is the static structure factor),

8mw*A
U.,,.(w,q)=w‘r(p—p')=6—_ﬁ;’1—l/é—z, (14)

we can infer that the self-consistent solution (10) fulfills the requirement (13)
of energy conservation. This guarantees the solution of Eq. (12) to be in
diffusion form,

(Glo™,p")Glo™,p ) €Q,q-0). (15)

1
—iQ + D(w) ¢

An outstanding property of the vertex (14) is that it scatters the waves
anisotropically. The diffusive solution of the Bethe-Salpeter equation (12)
with short-range fluctuations is well-known, and yields (| k| = w)

1 g2 Uy {w) _C.L
/;(w)—'[d k 7 (1-kKk). (16)
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Naively inserting Eq. (14) gives,

1 1 eyl I

This formula gives a typical value for the transport mean free path /3 in an
ordered nematic liquid crystal ranging from 0.86mm (PAA at 125°) to
3.2mm (MBBA at 22°). This length will later serve as a reference length in
the vector theory.

We shall investigate the validity of expression (17) by solving the Bethe-
Salpeter equation numerically. To this end we make use of the exact ana-
logy between the present scalar wave problem and the electron-impurity
problem, for which the exact solution for the diffusion constant is expressed
by means of the Kubo-Greenwood formula [12],

1 0
Diw) == Niw) ZP‘, {PZIG(w, PPy, p)—p? P Re G(w, p)}- (18)

In this formula N(w) denotes the density of states. It is given by the momen-
tum integral of the spectral function (9). The vertex function y(w, p) is deter-
mined by the integral equation,

Ye,p)=1 +§|G(w,p')|2‘:—§’ U, ()@, P'). (19)

This equation has been solved numerically, again in an iterative way, using
the vertex (14) and the self-consistently determined self-energy (in practice it
turned out to be convenient to use y, = — Im X(w, p)/w>A as a first iteration
step, and not y, =1). In Figure 3 we show the convergence for y(w, p) for the
choice wA = 0.01 and wé = 1000. After 10 iterations the solution was seen to
be stable. In Figure 4 we have compared the calculated transport and scatter-
ing mean free paths with the mean free path £} given by Eq. (17). If the
correlation length is large (wA » 1/wé) the calculated mean free paths become
considerably bigger than predicted by Egs. (8) and (16). If wA > 0.01 we are
entering the strong coupling regime and the mean free paths become con-
siderable larger than the value predicted by the perturbational formula (8).
On the other hand, Eq. (17) is a good approximation for ¢* when
wA «1/wé. This is a very convenient conclusion as present scattering experi-
ments with nematic liquid crystals are in this regime. Translating back to
physical variables we conclude from the scalar treatment that the first-order
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v ———

»{p)

momentum p/w

FIGURE 3 Numerical solution for y(w, p) from the scalar Bethe-Salpeter equation (19). We
used the same parameters as in Figure 1. We performed 4 iterations of the Dyson equation and
10 iterations of the Bethe-Salpeter equation, of which the initial one is shown dashed and the
final three in solid overlap. Using the scalar-wave Kubo-Greenwood formula (18) we obtained
a transport mean free path /*/¢3 = 1.053 £ 0.002. Numerical solution with the first-order Born
self energy gives the lower value 2*// = 0.82.

wt=5 wf = 100 wt = 1000

0.0 0. 0.0
-4 -3 -2 -1 -4 =3, -2 -1 -4 -3 -2 -1
Log wA Log wA

FIGURE4 Numerical solution for transport mean free path and scattering mean free path,
as a function of the relative strength of the thermal fluctuations, expressed by wA, for three
different values of the correlation parameter wé. Dashed lines are obtained from the perturba-
tional formulas (8) and (17). The errorbars for /5 have been deduced from the standard
deviation of the RMS fit to a pure exponential, including both a numerical and systematic
inaccuracy. The middie figure may be said to represent a scalar picture for present nematic
liquid crystals (wA ~ 10~ %) in the oriented phase.
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perturbation theory is valid when

£ < 8nciK \/_ (20)

kTszw2

In a magnetic field of 1 T the right hand side equals 1 mm so that this in-
equality is easily obeyed. It can be checked, using approximate scaling
laws for the various quantities [19] that for a very small order parameter,
Eq. (20) is not violated [10]. Note that the order parameter jumps discon-
tinuously to zero near the nematic-isotropic phase transition so that
Eq. (20) holds true even very near the phase transition. In the next section
we shall assume that the criterion (20) applies in a vector theory as well, so
that a first-order treatment will suffice. The transport mean free path ob-
tained in the Boltzmann approximation of the scalar theory will serve as a
reference. Expressed in physical variables it reads,

P 87IC(2)K18[1 log,/1 +4e(w£/co)2] 1)
B

T kTew? 2e(wé/cy)?

where ¢ is the dielectric constant of the host medium. As long as wé > 1 this
mean free path is not very sensitive to changes in the nematic order param-
eter S(g,~ S and K, ~ §? [19]).

iil. VECTOR TRANSPORT THEORY

The exact microscopic formula for the diffusion tensor of electromagnetic
waves in random media is a Kubo-Greenwood-type formula, though some-
what more difficult due to polarization indices. Although the mathematics is
quite involved (see Appendix A), the basic quantity one calculates is the
Fourier transform (wavenumber q) and Laplace transform (frequency Q) of
the ensemble-averaged intensity tensor Ly(r,t)=<E;(r,t) E;(r,t)) given a
source d(r) (). The final result is expressed as a matrix element L (q, w)
describing in principle the sum of all reducibal diagrams at frequency w,
and has the singular, diffusive form for q—0 and Q —0:

[d(w, p,q)> <d(w,p’,q)I
—iQ+q-D(w)q

L, (q )= 22

For light is L_(q) a four-rank tensor. Our tensor convention has been
defined in Ref. [20]. In zero order of q the diffusive eigenfunction is given
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by the spectral function A(w, p) defined as the imaginary part of the Dyson
vector Green’s function (& being the dielectric tensor of the host medium),

2w 20 1
_—— = ——I ° 2
Al =~ Im Glop) = - Im e s &)

The formula for the diffusion tensor D(w) is of the Kubo-Greenwood type,

D(w Z {y(p, ¢)' G(w, p) G*(w, p)- L(p. q)

)qu

—[4°6,G(w,p) I L{p. )}, 24

in which L(p,q)=2(p-q) I —pq—qp is a tensor of rank two, and N(w)
represents the density of states (DOS) given by (Tr=Z_, { d*p/(2n)°),

N(w)=Tr&'?-Alw,p) £'%. (25)

The g-factors in this formula make sure that one is counting the light states
as well as the states of the host-medium (in a dielectric medium the excita-
tions concern both [14]). In terms of the irreducible vertex U, (w), the
tensor y(p,q), linear in p and q, must obey the integral equation,

7(P,0)=L(p. @) + L%, 9) G(w,p) G*(@,p) Upy() (26)

As soon as the Dyson self energy Z(w,p) and the vertex U, (w) have been
specified, this equation can be solved and the diffusion tensor can be cal-
culated. Eq. (22) must obey the reciprocity principle

Lijt, o9 (@ = L - y_p(— ) (27)

On the basis of this principle one can prove that y(p,q) is a symmetric
tensor. For additional technical details we refer to Appendix A. In this
context we note that a similar time reversal operation, as carried out in
Eq. (27) leads to the tensor representation of the so-called crossed diagrams
Ciju Which are responsible for the coherent backscattering phenomenon
[20] due to constructive interference of time-reversed pathes. The recipro-
city principle gives,

Ciiet. o @) = Ly, p-p+ar2w—pra2 (P P): (28)
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Thus, C can be constructed from the results in this paper. Since the phe-
nomenon is beyond the scope of the paper it will not be discussed any
further. The vector analogue of Eq. (13) for energy conservation reads

Y. Up(@) AG(w,p') = AZ(w, p). (29)
.
In this paper we use the notation AH =H —H*.

A. Diffusion of Light in Nematic Liquid Crystals

The polarization aspects of light scattering in oriented nematic liquid crys-
tals are characterized by a number of very special properties. First of all the
oriented nematic phase has uniaxial symmetry (one optical axis n) which
gives rise to birefringence: the two modes of propagation are defined as
“ordinary” and “extraordinary” with different group velocity [21]. The
extraordinary mode has an ellipsoidal frequency surface k(w). If we write
the dielectric tensor of the host medium as

e=¢ I+¢,nn, (30)
the ordinary polarization vector and dispersion law are given by [21]
op)=pxm k(p)=po/e, (31)

whereas the extraordinary mode has,

€€,

(p-£Pp)

@O (BEBn_ o

, (32)
J1—p)? /(p-£P)

e(p)=

Secondly, the scattering of light is caused by thermal fluctuations of the
local director on top of this uniaxial symmetry [1]. These fluctuations can
be split up into two orthogonal modes dn, both perpendicular to the optical
axis. Given the wave vector =k, —k_, of such a fluctuation, the first
mode contains bend and splay distortions and is situated in the (n,f)-plane;
The second mode vibrates perpendicular to n and f and originates from
bend and twist. The static dielectric correlation tensor contains both and is
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given by [1],

I = Jd3re”"<58(0) 650> = kT ). ¢ 72 (ilga(; ||n‘): 1B

_ e2kT/K . .
TPt A0} + 18 uzu (e, ny* (e, )

=4nl4(f) ¥ (e,n) (e, ) (33)

Despite the fact that the thermal fluctuations are dynamic (section IV), the
static correlation function will suffice since the characteristic time (micro-
seconds) of the fluctuations is orders of magnitude larger than typical dif-
fuse transit times (picoseconds). In Eq. (33) we introduced the two unit
vectors ¢; = (f x n)/f, and e, =n x e;; K|, K, and K, are the elastic Franck
constants for splay, twist and bend deformations and are typically of the
order of 107 ' N. In our calculations we shall rely on the “two-constant
approximation” and assume that K, = K,. The presence of a third elastic
constant in the free energy will be acknowledged with A = K;/K; —1. This
approximation conveniently decouples polarization and spatial aspects as
expressed by the second equality in Eq. (33). An external magnetic field
suppresses fluctuations and gives rise to a finite correlation length

=./K,/x,B*. For a typical diamagnetic susceptibility y,~ 1 Pa/T? and a
typical magnetic field of 1 T this length equals several microns.

The vector aspects are rather dramatic. If the host medium is sufficiently
anisotropic, interference between ordinary and extraordinary waves bet-
ween two collisions can be neglected. The criterion for this to hold true is
gt/ /e, » 2. Since wf ~ 10* — 10* this inequality is satisfied. Only very
near the optical axis this approximation breaks down but the contribution
of this small solid angle is of higher order for the calculation of transport
coefficients. The absence of interference between the two polarizations im-
plies physically that polarization is in fact a random variable that, in a
probabilistic picture, changes abruptly after each scattering.

B. Degree of Polarization

The eigenfunction d(w, p,q) with long-range diffusion determines the degree
of polarization in the multiple-scattering domain. In isotropic media one
expects that d, ~d, +0O(p,q), eg. 100% depolarized light, as shown
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explicitly in Ref. [22] for Rayleigh scattering. In anisotropic media this
conclusion is not valid. In general the diffuse eigenfunction is given by
Eq. (23).

We shall determine the ratio of ordinary and extra-ordinary radiation
after long-range diffusion. Using results in Appendix B we derive that

£2 A(w,p) &2 =ee5[w — w,(p)] + 005 [ — wo(p)]- (34)

From this relation it is easy to infer that in the diffuse domain,

p_e=£S_¢ ﬂ= 2 3 :I/I:Iz 3:|
PRy / vl Ud Bk (p) d“pk, | 39)

We infer that the ratio of extra-ordinary to ordinary radiation is in fact
determined by the number of states available, and differs from unity. This
conclusion is consistent with a semi-heuristic equipartition principle. The
last identity in Eq. (35) relates the degree of polarization to the wavenumber
cubed. Similar results have been derived by Weaver in his discussion of (S
and P) elastic waves [23]. In fact the integrals in Eq. (23) are elementary
and one obtains,

Pell | (36)
po 81

For anisotropies ¢, < 0 we see that ordinary radiation dominates; For posi-
tive dielectric anisotropy there will be more extra-ordinary radiation. The
consequences for the diffusion constant will be discussed in the next section.

C. Diffusion Tensor

The vector self energies, both real and imaginary part as a function of
momentum, in the first Born approximation have been calculated in pre-
vious work [15] [24]. Conformal our assumptions we shall write the Dyson
Green’s function as,

ee 00

= t
cos?8,[K2(B) — PP 1—2Ap) (B —pr—zp)

G(p)

=g,(p)ee + g,(p)oo + rest. (37
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The rest term contains the non-propagating longitudinal field, as well as a

fluctuation-induced coupling between extraordinary and longitudinal field. Both

generate high order effects in the Kubo-Greenwood formula (24) and are hence-

forth neglected. The angle J, is the angle between group and phase velocity on

the extraordinary frequency surface. For the ordinary waves this angle is zero.
In the first Born approximation, the scattering vertex is [9] [16],

Upl@) = 0*T'(p—p). (38)

We have to solve Eq. (26) for the tensor y(p,q), and we shall write the
most general bilinear form allowed by uniaxial symmetry and reciprocity,

(P, q) =2(p-q) A(p,c) + a( p,c)(pq + qp) + b( p,c)(n-p)(nq + qn)
+d( p,c)(oq +qo) + (n-p)(q-n) B( p,c) +(0-q) D(p,¢) (39)

The tensors A, B, and D and the scalars a, b and d must all be symmetrical
and even functions of ¢=cosf =n-p. The “Boltzmann” solution for iso-
tropic dielectric media with anisotropic scattering is known to be
A=1/1—{pp">), a= —1 and the rest zero. The imaginary part of the self
energies define the scattering mean free path in direction p as

k
_ e/o
ol D= F (40)

(in the decay of the average Green’s function in real space an extra factor
cos?d,,, enters in the nominator). In lowest-order perturbation we write

oo P)
2= elo 7o [k 2 -p?]
Ige/o(p)l ke/a(ﬁ) coszaela(p) [ e/o(p) D ]
After neglecting cross-terms g,g, it is immediately deduced that pq, nq and
oq tensors are not generated by the integral in Eq. (26). Hence a= — 1 and

b=d =0. A trace with the tensors ee and oo then provides a closed set of
coupled equations for the six scalar functions e-y(p,q)-e=y.(P,q) — 2(e- p)
(e'q), oy(p)o=y,(P,q)

azp’
4n

7($,4)=2(p q) + j Dep(k., k) [7.(0',4) — 2(e" ') (¢" q)].

dZ '
+ J‘4_:¢Eo(kz’ k,)7.(p’.q) (41a)
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d2 '
(0, 0)=2p0)+ J'-%%E( kK78, 0) — 2" B)(€- )] (41b)

We introduced the scattering functions,

e A
x [(e'-m)? + (e'n)> — 4(e’-n)*(e-m)* + 2(e'm) (¢''n)(e-€) ], (42a)
¢Eo(ke,k;)=f‘%,:”o'o'-r(ke~k:,)- =Sk, -k enr, @2

Doe(k, k,) %m% ‘e T'(k,k.) 00
- ket k) To(k, — )( " m)>, (42c)

k,cos*d,

We find that ®,(k,k;)=0. This feature implies an important selection
rule for ordinary-ordinary polarization transitions in nematics. It is easily
verified from Eqs. (41) and (42) that y, =y, for p parallel to the optical axis,
as it should be since both polarizations degenerate in this direction.

One has three independent choices for q: g, n and o. This will enable us to
determine the scalar functions A,,, B,, and D,, separately. Insertion of

efo® ejo

q =0 shows that D, = D, =0. This means that

Ve B°9) = 2P q) 4,,(n- p) + (¢ ) (0 p) B, (n" p). 43)

Closed equations for the remaining coefficients are left to Appendix B.

The final outcome can be inserted into the Kubo Greenwood formula for
the diffusion tensor, again neglecting interference terms between extraordi-
nary and ordinary modes (The second term on the right hand side of
Eq. (24) is higher order provided we evaluate the first term near the
propagative singularities only). The physics of the resulting formula is most
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clearly illustrated by expressing it as an integral over the frequency surface
of both modes (see also Appendix B). We find,

1 s, 1 o
q'D(n)'q=(2n)3N(a}) f vl (v, q)t’e(ﬁ)[ive(ke,q)—(e q)(e ﬁ)]

Lo d2s,
2n*N(w) ] |v,]

1
(vo q) /o( p )5 Va( ko’ q) (44)

The density of states (corrections from fluctuations can certainly be neglect-
ed here) is given by,

N(w) (K2(B)+k3).  (45)

1 dst+1 s, 1 [d*
T@en ) v, @2n)? ) vl 27%w ) 4n

In the uniaxial system under consideration the diffusion tensor can be
written as,

D) =D, +(D,—D,)nn. (46)

The diffusion constant along and perpendicular the optical axis can be obtained
from Eq. (44) by separately choosing @ = n and integrating over all angles of q.

In Figure 5 we show the results of our calculations. We displayed D, /D,
D/D,, and D,/D, as a function of the uniaxial anisotropy e,/e;
D, =4¢;V2¢}% is the diffusion constant obtained in the scalar theory, where
¢% was introduced in Eq. (21), and ¢]'/? is the phase velocity in the scalar
theory. In the separate plot 7 we show (the convergence of) the functions 4,
and B,, When ¢,/e, » 1 we demonstrated in Eq. (36) that most states are
extraordinary ‘and since its frequency surface becomes very flattened along
the optical axis, this case can be said to correspond to a quasi one-dimensional
case. Therefore we expect D, to be small relative to D,. For negative anisot-
ropies the ordinary waves dominate and we see that diffusion perpendicular
to the optical axis dominates somewhat, before it becomes almost isotropic.
This is consistent with the fact that the scattering mean free path for ordinary
waves is anisotropic and largest perpendicular to the optical axis. The dashed
line in the figure on the right shows the application of the Kubo Greenwood
formula (44) in the hypothetical case that the angular correlations in the
Bethe-Salpeter equation are neglected: 4, =1 and B, =0. Apart from polariz-
ation aspects, also the anisotropy in the free energy (e.g. the sign of A)
influences the anisotropy of the diffusion tensor: 4 >0 lowers scattering
along the optical axis, and thus enhances the relative importance of D,,
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FIGURE 5 Numerical solution of the vector Bethe-Salpeter equations (41) and (44). Leit:
Diffusion constant paraliel and perpendicular as a function of the dielectric anisotropy , ¢,/¢,,
expressed in scalar units. We took a correlation length corresponding to wé=63.7 and set
A =0.254. The dashed line shows what would be obtained by ignoring angular correlations in
the Bethe-Salpeter equation: y, = 2p-qd . The inset shows a comparison with the calculation
by an independent Monte Carlo s1mulat’10n [15]. Rnght the ratio D, /D, as a function of the
same amsotropy The dashed line again shows what is obtained by setting y, =2p-qé,. The
case ¢, =0 is fictious because for this point the interference between ordmary’ and extréordl-
nary waves has erroneously been neglected. The inset shows the kinematic anisotropy p of the
group velocity tensor {vw;» = pd, u +(1-3pnn,. (p=1/3 for a single spherical frequency sur-
face). The points show again the outcome of an independent Monte Carlo simulation [15].

described by B,,. This is particularly evident for PAA (Tab. I) which has
long-range diffusion predominantly parallel to the optical axis.

The data points in Figure 5 have been obtained by an independent
Monte-Carlo simulation [15]. The overall tendency agrees, with theory,
although especially for negative dielectric anisotropy quantitative discrep-
ancies occur. This may be due to the rather big numerical uncertainty that
can be deduced from the enlargement near ¢, =0 (inset).

D. Diffusion Approximation for Stationary Transmission

In this subsection we calculate the transmitted light within the diffusion
approximation. This approximation is supposed to be valid when the slab is

TABLEI Input data used by us for two common nematic liquid crystals, and the numerical
results obtained for the diffusion tensor of the light. The relatively large value of
A=K,/K, —1 enhances the diffusion along the optical axis. For MBBA it is less pronounced
due to the smaller value for 4 and the compensating effect of a negative dielectric anisotropy

N g, K A ¢ T D,/D,, Dy/D

1,2 scal Dl/Dll /;

PAA 247 4088 30pN 2170 22upum 400K 1613 2824 0571 0.28mm
MBBA 540 -0.70 3.7pN 1014 15um 300K 1292 1.698 0.761 1.57mm
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sufficiently thick so that any light will have lost memory of its initial direc-
tion, i.e. the thickness L must be much larger than one transport mean free
path (to be defined). In Ref. [9] one has solved the equation of radiative
transfer and investigated the modifications of higher orders in scattering of
the single-scattering “De-Gennes” peak in the forward direction. For low
orders of scattering the diffusion approximation is not valid.

The diffusion equation for multiple scattering is well-known [25] and
very successful in isotropic media. In uniaxial media it is more involved
since one has to discriminate between two different modes of propagation,
with different optical properties. The Stokes correlator of the electric field
{EE*) = @(r, p) must equal the diffusive eigenfunction derived in Eq. (AS5) of
Appendix A. First orders in q must be included because they signify the
present of a net current. In real space the variable q transform to — iV so
that

o469 = S0 1 L D009~ 26e Ve B 00 e
Afw.p) ., 1
d0B]) - S V) oo @

The scalar function ®(r) must obey the diffusion equation. Since energy
density and current are defined by,

r)=2 &, Oy (r.p), (48)

n z 2pn ik pk ni piénk)d)ki(r’p)’ (49)

it can readily be shown that p(r)=®(r) and J(r)= — DV p(r), using the
Kubo Greenwood formula and some identities given in Appendix B.

Let us introduce the unit vector 2 perpendicular to the slab, in the direc-
tion of the current. Obviously the solution for ®(r) of the slab geometry
must be of the form P+ Qz where P and Q are to be determined by
boundary conditions. Following conventional techniques we shall impose
them by requiring that no net flux is incident from the right of the slab, and
that unit flux is incident from the left. Fluxes J* to left and right can be
defined as in Eq. (49) but with the p-integral restricted to the subsurfaces S*
where the associated group velocity has its component along £ either to left
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FIGURE 6 As in Figure 5 but now with a different free energy: 4 = — 0.254, corresponding
to a different free energy. The smaller value for A tends to suppress diffusion parallel to the
optical axis.
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FIGURE7 Visualization of the iterative solution of the vector Bethe-Salpeter in a nematic
liquid crystal. Shown are the last 3 iterations of the angular functions A(c), 4,(c), B,(c) and
B,(c), defined in Eq. 43, as a function of the cosine of the angle of the direction of propagation
with the optical axis. We took ¢,= —02, ¢, = 1.0 and w¢=63.7 and 4 = —0.254. With the
final curve (in solid) Eq. (44) yields for the diffusion tensor and D, = 0.905 D, and D, = 1.021
D, where D, is the diffusion constant obtained in the scalar theory (which ignores polariz-
ation aspects and the anisotropy in free energy).
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or right. In the same way the diffusion constants DZ can be introduced
using the Kubo Greenwood formula (44), but on the basis of symmetry one
has D = D,,/2. From the diffusive solution (47) it follows straightforwardly
that,

D,,d,p(2). (50)

N[ —

1 -
JE(z) = ZP(Z) vg +

We introduced the scalar velocity v, according to,

+ 2¢+ 2 = .
uE(n-z)=4HdZS" (v, 2)+ ii(v,,-z)][ ds¢+fdzs“] 1, (51)

Vel ¥, | Ivel ) 1¥l

and depends on the angle between the normal Z and the optical axis n.
Solving for J™(L)=0 and J*(0)=1 shows that P=4(L+2D,/vg)/
(L+4D,,/vg) and Q= —4/(L +4D,,/vg). This method can be generalized
without difficulty to treat the birefringent reflection at both interfaces. This
skin effect will not be discussed here since it depends heavily on the material
outside the slab, but it influences the angular transmission profiles [26].
From Eq. (47) we can obtain the local specific intensity for ordinary and
extraordinary radiation. For the extraordinary waves we define the specific
intensity such that the angular integral dQ, associated with the direction of
the group velocity gives the local current. If K (p) is the local Gaussian
curvature of the extraordinary frequency surface, we have dQ, = K, d’S,/
k2[7]. The separate contributions of extraordinary and ordinary modes
become,

_ ve(p)ki 4 2Dzz 1
Ie(z’p)_Ke(p)n(w)L+4Dzz/vE|:L+ vE _z+§/e(p){ye(p’z)
—2(e-p)(e~2)}],
_V(P)k; 4 2D, 1
In(z’p)_ n(w) L+4D"/UE[L+ vg _z+§{o(ﬁ)%}(pai):|’

() = jdzﬁ [k2(P) + k3] (52)

p» .
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For z=L this formula gives the angular-resolved transmission coefficient.
In Figures 8 and 9 we show the angular transmission I (L, p) and I (z,p) of
extraordinary and ordinary waves, for two geometries of the nematic

1.0 ]

o o

L= [+]
1
1

7 lextra, oroV/ YAl
o
E-N

0.2~ -

0.0 | | !
-50

0 5
ANGLE OF GROUP VELOCITY

FIGURE8 Angular transmission for MBBA obtained in the diffusion approximation. Extra-
ordinary transmission has been shown in solid, ordinary transmission dashed, both probed in
the plane of the optical axis perpendicular to the slab. The vertical dashed line signifies the
location of the optical axis and is here directed perpendicular to the slab. The difference
between ordinary and extra-ordinary transmission near the direction of the optical axis is due
to the different solid angle with respect to which they are measured. The dotted line shows the
universal formula valid $[1 +3($-2)] valid for isotropic media. No birefringent refraction is
incorporated at the interfaces.
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FIGURE9 As in the previous figure but now with an inclination of 45° between slab normal

and optical axis. Note the deviation from the symmetric result in isotropic media due to the
presence of the optical axis.
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MBBA. The angle on the horizontal axis denotes the direction of the energy
flow and not the direction of p. In the diffusion approximation, the angular
dependence of 4,,(f) and B, (p) discussed earlier determines the angular
shape of the diffuse transmission. This makes them observable variables and
not only integration kernels for the diffusion tensor. Together with the
angular dependence of the mean free path £, ,(p) they modify the angular
distribution of the diffuse transmittance, which in isotropic media is given
by the universal formula [27] I(L,p)oc 1/2 + 3(2-p)/4 (sometimes called the
escape function). Notice that near the optical axis the specific intensities for
ordinary and extra-ordinary radiation are not the same because the solid
angles dQQ, , with respect to which they are measured are not the same. In
addition, within an angle df =~ 1/k¢ with the optical axis, the interference
between ordinary and extra-ordinary transmission has to be incorporated.
This has not been done in the calculations.

The total transmission coefficient can be obtained by angular integration.
Using the Kubo Greenwood formula (44) we find that

T(L)=Jd9:(le-2)+fdﬂj (I"'i):E%%‘ (53)

This is a normal Ohmic 4/*/3L behavior. As a matter of fact this relation
enables us to define the transport mean free path as £* =3D,,/v,. Since v
depends on the angle between slab normal and optical axis, different geo-

.metries have different transport mean free paths, in particular

# (54)

!
S|o

L

This inequality is confirmed by Monte-Carlo simulations [15]. The all-angle
transmission for ordinary and extraordinary modes separately can also be
evaluated. Experimentally this may give information about the relative import-
ance of both modes in the diffusion tensor. In Figure 10 we show the depend-
ence of velocity and transport mean free path on the geometry ie. 2-n.

IV. DIFFUSING WAVE SPECTROSCOPY OF THERMAL
FLUCTUATIONS

The thermally induced fluctuations of the local nematic director are dynamic.
In the past, quasi-elastic light scattering experiments [4] have confirmed
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FIGURE 10 Transport velocity vg (solid) and transport mean free path /* (dashed), figuring
in the diffusion tensor D = v;/*/3, calculated for PAA, as a function of the cosine of the angle
between optical axis and slab normal. Both have been expressed in scalar units (v =v,; £*
defined in Eq. (21).

many hydrodynamic predictions for the nematic state. In this way, the Leslie
kinematic viscosities in the nematic state have been determined. The typical
time scales that are obtained with such experiments are of the order of
milliseconds.

Quite recently, quasi-elastic experiments have been generalized to multiple
scattering phenomena. The big advantage is that one can study much smaller
time scales since dephasing in multiple scattering, being a collective effect, is
much more sensitive to the motion of one individual scatterer, Pioneering
work by Wolf and Maret [28] [29] demonstrated the utility of this new
experimental technique to monitor all sorts of hydrodynamic processes. Re-
cently one has measured such time correlations in nematic liquid crystals [8].

From the hydrodynamic continuum theory of the nematic state the follow-
ing dynamic structure factor emerges [1] [30] [19],

(e,n)(e,n) .

I(q.0)=kT 3, exp[ — u o) (59)

a=1,2 Kaq_zL + K3qf
where the decay constants of both fluctuation modes are given by

Kl‘li + Ks‘lﬁ
Ay — A ps @ — 1,00 */neqt + 1,93 4t +1,97)

u(q) = (56a)
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K1Qi+K3‘1||2

. (56b
Ay —213q7 (e ad +n,at) )

u,(q)=

Characteristic is the hydrodynamic behavior of the decay constants: u, oc g*
(in the absence of magnetic field). In real space this implies a long-range
1/t'2-decay. For a given value and direction of the scattering vector q the
decay is exponential, but is different for the two modes. The variables { u;}
denote the six Leslie viscosity coefficients in which 4, and {n;} can ail be
expressed. They have typical values of 0.005kg/ms. Since ¢ can be small at
forward scattering, the decay is very slow there, typically milliseconds. For
comparison we may consider simpler a scalar picture of the time-dependent
fluctuations,

kT — K, g%t
g0 = Iélq2exp< A:q ) (57)

Diffusion Wave Spectroscopy consists of studying the time-dependent
correlation function <{I(0) I(t)> of the intensity in either reflection or trans-
mission. By neglecting higher cumulants we obtain the so-called C,-approxi-
mation for this correlation function,

<I0) 1(2)> IKE@Q)- E*e)?
e B I R 58

aoy? aoy? 10 %)
The second term dephases when the scattering process depends on time. We

shall focus on this term. The scattering vertex for the field correlation func-
tion <E,(0) EX(t)) is [31], following Eq. (38),

U, (o,1)= 0*T(p—p’1). (59)

On the level of the average amplitude nothing changes as a function of time
since the propagation time of the light is orders of magnitude smaller than
the typical fluctuation time. The self energy does therefore not depend on
time, so that the scattering is purely elastic. This notion gives rise to the
following modification of the conservation law (29),

L Uplw,t) AG(w,p) = AZ(, p) — 8w, P, 1), (60)

P
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where the extra term can be expressed as,

a(@,p,t) = [Upy(@,0) — Uy, )] AG(w, p). (61)
.

The consequences of this term for the diffusive behavior can be seen by
inspection of the derivation of the Kubo Greenwood formula in Appendix A.
Since we anticipate that the typical times in multiple scattering will be very
small compared to the decay times of the modes it will be sufficient to
consider only linear terms in t and to neglect all modifications of order a®
and ¢2. In this limit we can verify that Eq. (22) modifies to,

1

®2q. 1) —iQ+qD-q+aw,t) (62
where
1 * .
a(0,1) = 57 LAG*@. P a(w,p.)
1

Y AGHw,p)-[Uy(@,0) ~ Uy, AG(, B). (63)

= 27N(w) o

Using Eq. (59) this expression can be evaluated numerically if all the elastic
constants are known. Using the Green’s function (37) the six-dimensional
momentum integral can be transformed into a triple integral over incident
and outgoing angle with optical axis, and azimuthal angle ¢. We found it
instructive to determine the contributions of both fluctuation modes 1 and 2
separately. We shall write,

a(w,t) = (B, + B,) x M X t+ 0O(t3). 64

dndy Je,

The second factor has the dimension of 1/s2. In Table II we show our computa-
tions B, for B, and for two familiar nematic liquid crystals. We conclude that
their sum is of order unity, with most weight from the second mode. In the scalar
simplification represented by Eq. (57) the coefficient § would be exactly unity.

If we express the diffusion tensor in terms of D, (D=dD,,) as before,
the normalized dephasing in transmission takes the form [28],

_{ L/ILt) Y 1t
co-(wRrm) <5 “
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TABLEIl The dynamic viscocity 4, and the calculated diffusing wave coefficients 8, and 8,
for the two modes of vibration (mode 1 in the plane of scattering vector and optical axis, mode
2 perpendicular). The other Leslie coefficients {«;} for PAA have been taken from Table II of
section 3.6 of Chandrasekhar [19]; The ones for MBBA are obtained from Table 5.1 of De
Gennes [1]

4 B, B, B L¥em)tons)(l) L2(cm)to(ns)(L)
PAA 0.0068kg/ms 0345 0720 1085 5.76 3.29
MBBA  00763kg/ms 0340 0941 1281 393 300

(at small times), where the dephasing length is L, and the characteristic time
t, are given by

1 — Bl +B2 x \/szkTwa )(\/E (66)
La(t) dzz 47I\/211K1£_L
d, 32n°2,K;¢, 67)

=12 (B, + B et kT)E

Inserting typical values shows that L, is of the order of microns if ¢ is of the
order of seconds and that ¢, is of the order of nanoseconds for a slab of one
centimeter. A similar 1— yt/t,-behavior as in Eq. (65) is reported for
Brownian motion of the scatterers, whereas laminar flow gives a 1 — (¢/t,)*-
behavior [32] in transmission. It would be extremely useful to probe the
director fluctuations experimentally on these ultrashort time scales. It might
well be possible that the hydrodynamic theory for the nematic state will
break down and a different behavior will be observed.
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APPENDIX A: DERIVATION OF KUBO GREENWOOD
FORMULA FOR LIGHT

A microscopic transport equation for light can be obtained by considering
the ensemble-averaged two-photon Green’s function. Without outgoing
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lines it can be expressed by the matrix element R,,(€Q,q). The associated
Bethe-Salpeter equation for this object reads,

L Ry Q.0) {8 — 2,(Q )} = U, (. 9), (A1)

in which,

_ Q ., .9 Q ., q
Q29 = G(w + > p'+ 5) G*(w — > P — 5) Uy, q).

From the Dyson expression for the one-photon Green’s function (23) it is
not difficult to see that

Q " q * Q q - Q ” q
G<w+2,p +2> G(w 2,p 3 =G w+2,p +2

Q q Q q Q q
* - II__ . —_ g _ —_— -1
oo 3w -3 oo red) 2 (o-30-3)

+L(p,q)— 2wQe} (A2)

Invoking the Ward identity (13), the integral operator J,,. — Q,,- (2=0,q=10)
can be seen to have an eigenvalue zero, with eigenfunction AX(p). In order to
find the first perturbation in q and Q it is instructive to write

Kw(q)
=500y

where we anticipate that 3(Q,q)oc —iQ+q-D-q. The four-rank tensor

R,,(q) must obey the reciprocity principle expressed in Eq. (27). We shall
need K ,(q) up to linear orders in q and write it in the symmetric form,

K@) =1Z(0,p") — Z(w,p7) + W(p,9)> (Z(w,p'")
—Z(0,p’ ")+ w(p', @)l (A3)

The yet unknown second-rank tensor w(p,q) must be symmetric, and linear
in p and q. Collecting linear orders in q in the Bethe-Salpeter equation (A1)
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provides us with,

S W(P.0) {8y~ Opy(0)} = — L' ,0) 0, (0)

P

Defining y(p,q) = L(p,q) — w(p, q) leaves us with Eq. (26). Collecting all Q
and g2-terms gives,

8(Q,q) = — 2niQN(w) + Y {(vp. ) G(w, p) G*(w,p) L(p.q)

— AG(w,p,q)'L(p,q)}. (Ad)

This is of the form (22) and the Kubo Greenwood formula (24) follows. The
averaged two-particle Green’s function is obtained by adding in and outgo-
ing lines on both sides of R,,(q). One has,

L (@)= Glw,p*) G¥w,p7) Ry (@) Glw,p' ") G*(w,p'")

d(p,q)> <d(p', q)
—iQ+q'D(w)q’

in which the diffusive eigenfunction is, up to orders gq,

d(p,9) = A@, B) — = 7(p,4) G(@, P) G*(,) (A9)

APPENDIX B: TECHNICAL DETAILS

We obtain closed equations for the six scalar functions 4,,, B,, and D,
defined in Egs. (39) and (43), suited for numerical solution. We showed
already that and a= —1 and b=d=0 and D,,=0. It is instructive to
express the scattered vector p’ in the orthonormal set {X, X, X,}=
{n,(p — cn)/s,0} where c=(n' p) and s=.,/1—c?, and define the azimuthal
angle ¢ in the {x,,X,}-plane. If we take q = o and realize that the ¢-integral
of T, sin ¢ vanishes (nothing else depends on ¢) we infer indeed that
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D, = D,=0. Next, subtraction of the choice q = from c times the choice
g=n, and applying p'p’ =cc’ + ss’ cos ¢, leaves us with

2.4/ —_
as0=1+ [EL ok ke ) DD

d2
+ J 4: O (k,, k’) cos @ A,(c)

d2 ' ’
- J—;‘% Deo( ke k;) < 008 9 4,(¢) (Bla)
2 ! /. p— 7.
aso=1+ [FE o ke g DA
2
+fd4£ OE(ko,k’) cosqu {c) (B1b)

On the other hand, the difference between ¢ times the choice q =p and the
choice ¢ = n results in,

2 . iy i,
Bfc)= ‘fd L EE(ke’k,){ I:%—s;cosq)]Ae(c’)_.z(e'.p')(e n) f(e ﬁ)}

4n cs

2 ’ ’
+fd4p Dok, ,,)2[5—3—cos<p]A 3

2 2 ’
S e ORI K TR R YT

2 A7 4 4 ‘s _ .
Bl = J% Dor(k, K,) {2 |:% - s; cos (p] A - 2(e’-p’)(ﬁ_n_)_zc£_p_)}

cS

&’ ,
+j 4 OE( kmk ) B (C) (B2b)
The integrals over ¢ can be carried out analytically. Conveniently we infer
that the equations for A4,,(c) and B,,(c) are in fact decoupled. Since all
variables are known, Egs. (B1) can be solved iteratively; the output serves as
input for a separate iteration for Egs. (B2).
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We mention that integration over the ordinary and extraordinary fre-
quency surface S, can be carried out according to,

wk d*s k3
2S — 2 ejo efo — 2 _eLa_
fd elﬂlvelﬂl Jd p 0082 62/0’ Ive/ol J‘d ﬁ w (B3)

where v,, stands for the group velocity of either mode, having the direction

normal to the surface [21].
Equation (44) for the diffusion tensor, expressed as a normal angular

integral, reads

Y 1 k2P),, . , )
q-D(n) q—(Zn)zN(w)fdzﬁ c0s23, [(p-q)—(e-q)ep)]

1 1 1
-[gm,q)-(e-q)(e-p)]+mfd2ﬁk:t’o(p)(p-q)gvow,q). (B4)

The definitions of the scattering functions (42) and the expressions of the
self-energies [15] we satisfy the normalization conventions,

kz
2 e "y = k2
jd p COSZ (Se (DEO(ke’ ko) ko’

d’ﬁ—id) (k,k.)+ |d?p k2 Dk k’)=M (BS)
00825e EE\ Te? e o “OE\%te» Te coszé’e'

This is in fact Eq. (29) for energy conservation, expressed in ordinary-extra-
ordinary base.

Two useful identities in anisotropic media are Tr ee-e=1/|v,|? and
Tr 00-¢=1/|v,|* and one for the spectral function (23),

Afo,p) = 20lv,)? [w? — o p)]*
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Furthermore,

1 \
%(2pn5ik ~POp —PiOp) €i8, = E'I_za

1 \)
%(21’"5& ~Pi0u; — PiOpy) 0,0, = [v_

o
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